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Abstract. We present an extension of our recent paper [Bienias et al.,
Phys. Rev. A 90, 053804 (2014)] in which we demonstrated the scatter-
ing properties and bound-state structure of two Rydberg polaritons, as
well as the derivation of the effective low-energy many-body Hamilto-
nian. Here, we derive a microscopic Hamiltonian describing the propa-
gation of Rydberg slow light polaritons in one dimension. We describe
possible decoherence processes within a Master equation approach, and
derive equations of motion in a Schro¨dinger picture by using an effec-
tive non-Hermitian Hamiltonian. We illustrate diagrammatic methods
on two examples: First, we show the solution for a single polariton in
an external potential by exact summation of Feynman diagrams. Sec-
ondly, we solve the two body problem in a weakly interacting regime
exactly.
1 Introduction
The photon interacts with its environment much weaker than other quanta (e.g. elec-
tron spin, superconducting current), and is therefore an excellent carrier of informa-
tion. A long-standing goal is the realization of strong interaction between individual
photons which may lead to ultralow-power all-optical signal processing [1,2], quantum
information processing and communication [3,4] as well as other applications based
on non-classical states of light [5,6].
A number of promising platforms to engineer suitable interactions between pho-
tons are being developed [7]. First ideas were based on the Kerr nonlinearity of con-
ventional materials, which unfortunately leads to extremely weak effects for single
photons, even for highly nonlinear fibres [8]. In the microwave domain, a signifi-
cant progress was done using high-quality-factor (high-Q) cavity quantum electrody-
namics where a single confined electromagnetic mode is coupled to an atomic sys-
tem [9–11], or to a superconducting circuit acting as an ‘artificial atom’ [12,13]. In
the optical domain, one approach is to map photons onto the collective states of
an atomic ensemble [14,15], which enabled the observation of electromagnetically-
induced-transparency cross-coupling nonlinearities [16] and similar effects [17]. How-
ever, in order to achieve single photon effects [18,19] cavities are necessary.
A promising approach, that does not require optical resonators, capitalizes on
strong atom-atom interactions in the metastable Rydberg state |s〉 of an EIT scheme
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2[20,21]. These strong, tunable and long-range interactions [22] enabled a number of
applications for quantum computing [23–26] and simulations [27–31], in which quan-
tum information is encoded in the atomic degrees of freedom. Using Rydberg-Rydberg
interactions to enhance nonlinearities between photons was first proposed by Friedler
et al. in 2005 [21], then extended to the studies of many-body correlations [32,33],
and photonic quantum gates [34]. On experimental side [35,36], this approach enabled
a variety of applications such as deterministic single photon source [37], observation
of the quantum phenomena on a few photon level [38], atom-photon entanglement
generation [39], a single photon switch [40], a transistor [41,42], a single photon ab-
sorber [43], and a phase gate [44]. Moreover, in the regime of strong interaction
between copropagating photons the medium transparent only to single photons [45]
as well as the bound states of photons [46] were demonstrated.
First Rydberg-EIT experiments mostly exploited interaction between s-states with
the same principal quantum number, where the angular dependence of the interaction
is very weak. In recent experiments, Rydberg s- and p-states [47], or two different
s-states [41,42,48] are simultaneously prepared. The interaction between different
Rydberg states enables novel entanglement schemes [49] and additional flexibility in
manipulation of few-photon light fields [50,51]. Moreover, the angular dependence of
the interaction between d-state polaritons can lead to the interaction-induced dipolar
dephasing of polariton pairs [52].
The additional tunability of the interactions was investigated in setups close to
Fo¨rster resonance, where the interaction changes its character from van-der-Waals
to dipolar. In the regime of zero electric-field, an enhancement of the single-photon-
transistor gain was shown [42], while in the experiments on Rydberg atom imaging [53,
54], performed in the regime of many photons, an increase in Rydberg excitation
hopping was observed [48]. Furthermore, the Stark-tuned Fo¨rster resonances were
used to further improve the efficiency of the transistor and to study its coherent
properties [55].
The extensions of the two-qubit photonic gate [34], employing spatial separation
of photons [56] and performing quantum operations on the stored photons [57,58],
were proposed. In the one-dimensional free-space setups realized so far, the achievable
optical depth per blockade radius is limited by the interaction between ground state
and Rydberg atoms [59]. This, in turn, sets constraints on the available amount
of the dispersive interaction per photon for the quantum information applications.
To circumvent this limitation, an optical cavity can be employed to enhance the
interaction per photon life-time [60,61] and to construct high fidelity phase gate [62].
Recently, it was shown that a Rydberg-EIT setup can give rise to new few-
and many-body states of light. Two photons can form shallow [46] and deep bound
states [63], which can be imagined as photons trapped by a Rydberg interaction in
a deep nearly-square well. Pair of photons can also interact via an effective Coulomb
potential, leading to the hydrogen-like diatomic molecule, separated by a finite bond
length [64]. Finally, the formation of a Wigner crystal of individual photons was
predicted [65,66].
It is also worth mentioning the progress towards many-body theory of strongly
interacting Rydberg polaritons [67–69]. In the dissipative regime, the dynamics of
quantized light was analyzed in [70]. In the dispersive regime, the derivation of low-
energy Hamiltonian in the dilute regime was presented in [63], whereas in [65] for
higher densities when the interaction is dominated by the purely repulsive part of
the van der Waals interaction. Moreover, a recently developed general input-output
formalism to describe the dynamics of propagating strongly interacting photons in
1D [71,72] can be applied to the Rydberg-polariton systems as well.
Most of the initial Rydberg-EIT research investigated effectively one-dimensional
systems. A new promising direction are extensions to higher dimensions. For ex-
3ample, Rydberg-dressed photons in near-degenerate optical cavities can behave as
interacting, massive, harmonically trapped, two-dimensional particles in a synthetic
magnetic field [73]. The experimental progress [74] makes Rydberg-cavity polaritons
a promising platform for creating photonic quantum materials and topological states
of light [75].
In our previous paper [63] we used diagrammatic methods to analyze scattering
properties and the bound-state structure of two Rydberg polaritons in one dimension.
This framework enabled us to analytically derive the effective interaction potential
between two polaritons and to determine a regime with purely repulsive interactions.
In the regime of attractive interaction we identified multiple bound states of two
polaritons and studied their dispersion relation. Finally, the derivation of the low-
energy scattering length enabled us to microscopically derive the many-body theory
for Rydberg polaritons in the dilute regime.
In the present paper, we extend our studies from Ref. [63] by starting from the
derivation of a microscopic Hamiltonian describing the polariton propagation in one-
dimensional free-space. We analyze decoherence processes using a Master equation
approach, and show for which processes the evolution can be described using the
Schro¨dinger equation with an effective non-Hermitian Hamiltonian. Using our ap-
proach, we present a straightforward derivation of equations of motion in Schro¨dinger
picture for the example of two polaritons. Next, we apply diagrammatic methods to
the setup consisting of a single polariton propagating in an external potential, for
which we show the exact solution by a summation of all Feynman diagrams. Finally,
we present the exact solution of a two-body problem in a weakly interacting regime.
The last result facilitates better understanding of losses from the dark state polaritons
to the bright polaritons, discussed in Ref [63].
2 Microscopic Hamiltonian derivation
In this section, we derive a microscopic Hamiltonian describing the propagation of a
weak probe light pulse through an atomic medium under the EIT condition.
We start with the description of single photons propagating along the z-axis in
a free space. In the following, the relevant modes have only small deviations from
the carrier probe frequency ωc and momentum ~kc = ~ωc/c. Moreover, we will study
the experimentally relevant one-dimensional setup. The light field distribution uk,
characterized by a single transverse mode u⊥, has the form
uk(x) =
eiz(kc+k)√
Lq
u⊥(R), (1)
with Lq being the quantization length. For each longitudinal mode k, we introduce
the creation operator a†k. Then, the electric field operator reduces to
E(x) =
√
~ωc
20
∑
k
[
εkuk(x)a
†
k + ε
∗
ku
∗
k(x)ak
]
, (2)
with the polarization εk. Here, each mode is characterized by a shift in energy from
the leading frequency ωc. This gives rise to the Hamiltonian in the rotating frame
Hph =
∑
k
~kc a†kak (3)
with ~kc ~ωc.
4Fig. 1. (a) Setup for the electromagnetically induced transparency: the probe field couples
the atomic ground state |g〉 to the p-level |p〉 with the single-particle coupling strength g0,
while a strong coupling laser drives the transition between the p-level and the Rydberg state
|s〉 with Rabi frequency Ω and detuning δ. Furthermore, 2γ denotes the decay rate from the
p-level. The single-particle coupling g0 is related to the collective coupling g =
√
ng0 with
n the particle density. (b) Single photons propagate through the atomic medium with the
reduced group velocity vg  c. In this paper we will be interested in two scenarios. The first,
in which a single polariton propagates in an external potential generated by, for example,
a stored Rydberg excitation (impurity). And second, a scenario in which two polaritons
copropagate and interact only with each other.
Next, we study the interaction of a single photon with the atoms in the medium.
For each atom, there are three relevant states within the EIT setup: The ground state
|g〉, an intermediate state |p〉, and finally the Rydberg state |s〉, see Fig. 1(a). Within
the rotating frame and using the rotating wave approximation, the strong coupling
between the intermediate state |p〉 with detuning δ and the Rydberg state |s〉 with
Rabi frequency 2Ω gives rise to dressed states
|+〉 = α|p〉+ β|s〉, ∆+ =
(
δ +
√
δ2 + 4Ω2
)
/2,
|−〉 = β∗|p〉 − α∗|s〉, ∆− =
(
δ −√δ2 + 4Ω2) /2, (4)
with energies ~∆±. Note, that the spontaneous emission from the intermediate state
with decay rate 2γ can be incorporated by replacing δ with a complex detuning
∆ = δ − iγ, for details see Section 3. The probe light modes couple the states |g〉
with |p〉. For simplicity, we restrict the analysis to a situation where only a single
polarization couples matter with light, with the dipole moment d = 〈g|d · ε|p〉. Then,
the Hamiltonian, describing the interaction between the atoms and the light modes
reduces to
Hlm = ~g
∑
i
[
ψe(xi) |p〉〈g|i + ψ†e(xi) |g〉〈p|i
]
(5)
with g =
√
ωc
2~0 d. In addition, we have introduced the field operator for the electric
field
ψ†e(x) =
∑
k
uk(x)a
†
k. (6)
In the following, in the continuum limit, we describe the atoms by a field operator Ψ¯ ,
with the internal structure of the atoms properly accounted for by a spinor degree of
freedom of Ψ¯ , i.e.,
Ψ¯(x) =
 Ψg(x)Ψ+(x)
Ψ−(x)
 . (7)
5This operator can either be a fermionic or a bosonic field operator, depending on the
statistics of the atoms. Next, we define two new operators, describing a transition
from the ground state |g〉 into an excited state |±〉,
b†(x) =
1√
n(x)
Ψ¯ †(x)S+Ψ¯(x), (8)
c†(x) =
1√
n(x)
Ψ¯ †(x)T+Ψ¯(x), (9)
with the spinor operator S+ = |+〉〈g| and T+ = |−〉〈g|. In addition, n(x) denotes
the atomic density. Then, these operators always satisfy the bosonic commutation
relation, for example:[
b(x), b†(y)
]
=
Ψ †gΨg − Ψ †+Ψ+
n(x)
δ(x− y) ' δ(x− y). (10)
Here, we have used that fact, that the atomic density is much higher than the photon
(polariton) density and, therefore, almost all atoms are in the ground state, i.e.,
Ψ †gΨg ' n(x)  Ψ †+Ψ+. It immediately follows, that b† and c† are bosonic field
operators, and the Hamiltonian describing the light field and the interaction with the
atoms reduces to a quadratic Hamiltonian for three coupled bosonic fields,
H = ~
∫
dx
ψ†eb†
c†
−ic∂z g√nα g√nβg√nα ∆+ 0
g
√
nβ 0 ∆−
ψeb
c
 , (11)
where we have Fourier-transformed the photonic part.
The Hamiltonian in Eq. (11) may be written in a more convenient way by in-
troducing the fields ψ†p(x) = −βb†(x) + αc†(x) and ψ†s(x) = αb†(x) + βc†(x). These
operators describe bosonic fields for the creation of excitation in |p〉-state and |s〉-
state, respectively. Then, the Hamiltonian reduces to
H = ~
∫
dx
ψeψp
ψs
†−ic∂z g 0g δ Ω
0 Ω 0
ψeψp
ψs
 . (12)
Note, that our derivation can be straightforwardly generalized to the light fields con-
fined in a cavity.
Next, we integrate out the transverse mode u⊥ in order to arrive at a one-
dimensional theory. Assuming a homogeneous particle distribution along the lon-
gitudinal mode, the light field couples to the following matter mode
ψ†p(x) =
√
n(R)
n¯
u⊥(R)ψ†p(z) (13)
with the effective particle density
n¯ =
∫
dRn(R)|u⊥(R)|2. (14)
Analogously, we can define the one-dimensional field operator ψs(z) accounting for
the Rydberg state. Then, the operators ψe(z), ψp(z), ψs(z) describe a one-dimensional
field theory with the Hamiltonian
H = ~
∫
dz
ψ†eψ†p
ψ†s
−ic∂z g 0g δ Ω
0 Ω 0
ψeψp
ψs
 . (15)
63 Decoherence description within Master equation approach
In this section, we analyze the decoherence of Rydberg polaritons within the formal-
ism developed in the previous section. The source of the decoherence can be, e.g.,
spontaneous emission from excited states, motional dephasing or dephasing caused
by the interactions between ground and Rydberg states. In order to understand the
impact of these processes on polaritons, we study the system evolution using the Mas-
ter equation. In the case of a Markovian evolution, it can be written in the Lindblad
form
ρ˙ = − i
~
[H, ρ] +
∑
i
Li(ρ), (16)
where Li are Liouvillians describing different incoherent processes, H describes the
coherent evolution and ρ is a density matrix
ρ =
N∑
n=0
ρ(n), (17)
where ρ(n) contains n excitations (atomic or photonic). Moreover, we neglect corre-
lations between the N + 1 terms in (17). Note that we truncated the Hilbert space
by introducing the maximal number of excitations N present in the system. Such a
cut-off is justified for most of the experiments investigating quantum phenomena on
a few-photon level with Rydberg-polaritons [42,41,45,46,55]. In these experiments,
a low intensity laser field is used as a photon source and, thus, the probability of
having N excitations in the system is much higher than the probability of having
N + 1 excitations.
As an example, let us consider the case of a single incoming photon, for which the
full density matrix takes the form
ρ(t) = ρ(0)(t) + ρ(1)(t) = (t)|0〉〈0|+ ρ(1)(t). (18)
The single-particle component of the density matrix ρ(1) can be characterized using
density matrix components ρAB(x, y, t) defined as ρAB(x, y, t) =Tr[ρ
(1)(t)ψ†A(x)ψB(y)],
i.e.,
ρ(1)(t) =
∑
AB
∫
dx
∫
dy ρAB(x, y, t)ψ
†
B(y)|0〉〈0|ψA(x), (19)
where AB ∈ {ee, ep, pe, es, se, sp, ps, ss}.
In the following, we will only be interested in the evolution of ρ(N). First, we
will show that in such a situation, the description of the system can be substantially
simplified in the case of decoherence due to the decay of the excited states. Afterwards,
we comment on the impact of dephasing on the system evolution.
3.1 Decay
Here, we consider decoherence in the system due to the finite lifetime of the ex-
cited states. For the sake of simplicity, we analyze the decay on the example of the
intermediate p-state with the decay rate 2γ. The Louvillian for such a process reads
Lpg = −γ
∫
dy
[
ψ†p(y)ψp(y)ρ+ ρψ
†
p(y)ψp(y)− 2ψp(y)ρψ†p(y)
]
. (20)
7The first two terms describe the decay of the probability that the system contains N
excitations. The last term depicts the “quantum jump” from the (N + 1)-excitation
manifold to the N -excitation manifold. Since we consider the case ρ(N+1) = 0, this
process can be neglected. Using this observation we can rewrite Master equation as
ρ˙(N) = − i
~
(H0ρ
(N) − ρ(N)H†0), (21)
where we defined the non-Hermitian Hamiltonian
H0 = H− i~γ
∫
dy ψ†p(y)ψp(y). (22)
Next, we write density operator in the general form ρ(N) =
∑
j pj |Φj〉〈Φj |. Together
with (21) we see that, rather than solving the Master equation (21), we can solve the
Schro¨dinger equation
i~
d
dt
|Φj〉 = H0 |Φj〉 (23)
for the pure state |Φj〉, which is much more convenient. Note that there are no ap-
proximations in this simplification. The only assumption is that we can neglect the
occupation of any Hilbert subspace with more than N excitations and that we are
only interested in the time evolution of ρ(N). Let us illustrate this simplification on
the previously described example of a single incoming photon (18). Assuming that
at initial time t = 0 the excitation can be described by a pure state |ψ1(0)〉, the full
density matrix simplifies to
ρ(t) = (t)|0〉〈0|+ |ψ1(t)〉〈ψ1(t)|. (24)
Note, that due to the non-Hermitian nature of the effective Hamiltonian, the proba-
bility leaks from the single excitation subspace. It corresponds to an increase in time
of the probability (t) to have zero excitations.
Analogously to the decay of the p-level, we can include the decay 2γs of the
Rydberg s-state. Together with (25) leads to the non-Hermitian Hamiltonian of the
form
H0 = ~
∫
dz
ψeψp
ψs
†−ic∂z g 0g δ − iγ Ω
0 Ω −iγs
ψeψp
ψs
 . (25)
Note, that even though for typical experimental conditions γs  γ, it can be the
decoherence of the Rydberg level that has a leading impact on the losses of a single
photon inside the medium at the two-photon resonance.
3.2 Dephasing
In general there exist processes which decrease coherences of the density matrix with-
out affecting the populations. In this paper, we call such processes dephasing . In
Rydberg-EIT setups the dephasing can result from a variety of sources, for example,
finite linewidth of the laser field, atom-atom interactions or motion of the atoms. In
general, dephasing can not be rigorously treated by an imaginary part in an effective
Hamiltonian. In this section we show the impact of dephasing on the description of
polaritons propagation.
We start with the Liouvillian describing the dephasing [14,76] of the s-state
Lss = −γdephs
∑
j
(PjPjρ+ ρPjPj − 2PjρPj) (26)
8with P j = |s〉〈s|j being the projection onto the Rydberg state. In second quantization,
and written using field operators ψs, it takes the form
Lss = −γdephs
∫
dy
(
ψ†s(y)ψs(y)ρ−
ψ†s(y)ψs(y) ρψ
†
s(y)ψs(y)
n(y)
+ h.c.
)
.
In general, the second term in the parentheses is nonzero even for ρ(N). To better
understand the impact of this term, we analyze an exemplary time evolution of a single
excitation ρ(1). For this purpose, we use the representation of the density matrix given
by (19). Next, we project the Master equation onto different components ρµβ of the
single excitation subspace:
ρ˙µβ(x, y, t) = 〈ψµ(x)|ρ˙|ψβ(y)〉 =
〈
ψµ(x)
∣∣∣∣− i~ [H, ρ] + Lss(ρ) + Lsg(ρ)
∣∣∣∣ψβ(y)〉 ,(27)
where |ψβ(y)〉 = ψ†β(y) |0〉. We also included the decay of the s-state by the Liouvillian
Lsg analogous to Lpg for the decay of the p-state, see Eq. (20).
Specifically, the equation of main interest, i.e., for ρss takes the form
∂tρss(z, z
′, t) = iΩ (ρes(z, z′, t) + ρse(z, z′, t))− γsρss(z, z′, t) (28)
−γdephs ρss(z, z′, t) + γdephs ρss(z, z′, t)
δ(z − z′)
n(z)
.
Where the last term in the first line depicts the decay due to the finite lifetime, while
the two terms in the second line describe dephasing. We see that the dephasing differs
from the decay by the last term which is nonzero for z = z′. Because of this difference
one can not use an effective non-Hermitian Hamiltonian for the rigorous description
of dephasing, and we will not consider dephasing in the rest of the manuscript.
4 Interaction between polaritons
In this section, we include the strong interaction between the Rydberg atoms. It takes
the form
Hrr =
1
2
∑
i 6=j
V 3D(xi − xj)PiPj (29)
=
1
2
∫
dx
∫
dy V 3D(x− y) : Ψ †r (x)Ψr(x)Ψ †r (y)Ψr(y) :
with Pi = |s〉〈s|i the projection onto the Rydberg state. The notation : : means
normal ordering, which is included in order to avoid self-interactions. On the same
level of approximation as for the non-interacting Hamiltonian H0, this interaction can
then be expressed in terms of the bosonic fields as
Hrr =
1
2
∫
dx
∫
dy V 3D(x− y) : ψ†s(x)ψs(x)ψ†s(y)ψs(y) : (30)
with the bosonic field operator ψ†s(x) creating an s-excitation at position x.
In the one-dimensional limit, the interaction between the Rydberg levels is de-
scribed by
Hrr =
1
2
∫
dz
∫
dz ′V (z − z′)ψ†s(z)ψ†s(z′)ψs(z′)ψs(z), (31)
9where the interaction potential V results from the microscopic interaction potential
by an average over the transverse modes
V (z) =
∫
dR
∫
dR ′
n(R)n(R′)
n¯2
|u⊥(R)|2|u⊥(R′)|2V 3D(R−R′, z). (32)
Note, that the transverse mode spacing naturally introduces a cut-off to the van der
Waals interaction. In this manuscript, we neglect this effect by taking V (z) = C6/z
6,
which is an excellent approximation for high Rydberg states, such that the blockade
radius is greater than the size of the transverse mode. For additional insights see Ref.
[66].
In the following, the quadratic Hamiltonian in Eq. (25) for the bosonic fields ψe,
ψp, and ψs together with the interaction Hrr in Eq. (31) allows us to apply standard
diagrammatic Green’s function techniques to study the properties of the system. The
only relevant approximations are that the light modes are restricted to low energies
~ω  ~ωc, and that the photonic density is always much smaller than the atomic
density n(x).
4.1 Equations of motion in Schro¨dinger picture
Here, we derive the equations of motion within the Schro¨dinger picture using an
effective non-Hermitian Hamiltonian. The Schro¨dinger equation has the form
i~∂t |ψ(t)〉 = (H0 +Hrr) |ψ(t)〉 . (33)
As an exemplary case, we present the analysis for the wavefunction describing two
excitations,
|ψ(t)〉 =
∫
dx
∫
dy
[
ϕep(x, y, t)ψ
†
e(x)ψ
†
p(y) + ϕes(x, y, t)ψ
†
e(x)ψ
†
s(y)
+ ϕps(x, y, t)ψ
†
p(x)ψ
†
s(y) +
1
2
ϕee(x, y, t)ψ
†
e(x)ψ
†
e(y)+
+
1
2
ϕpp(x, y, t)ψ
†
p(x)ψ
†
p(y) +
1
2
ϕss(x, y, t)ψ
†
s(x)ψ
†
s(y)
]
|0〉 . (34)
We will arrive at equations of motion for the two particle amplitudes by projecting
Eq. (33) onto all possible components |ψA(z)ψB(z′)〉 = ψ†A(z)ψ†B(z′) |0〉. For example,
the time evolution of ϕep(z, z
′) is given by 〈ψe(z)ψp(z′)| (−i~∂t+H0+Hrr) |ψ(t)〉 = 0.
Without loss of generality, we take ϕee(x, y) = ϕee(y, x), ϕpp(x, y) = ϕpp(y, x) and
ϕss(x, y) = ϕss(y, x). The full set of equations has the form
i∂tϕee(z, z
′) = −ic(∂z + ∂z′)ϕee(z, z′) + g(ϕep(z, z′) + ϕep(z′, z)),
i∂tϕep(z, z
′) = (−ic∂z +∆)ϕep(z, z′) + g(ϕee(z, z′) + ϕpp(z, z′)) +Ωϕes(z, z′),
i∂tϕes(z, z
′) = (−ic∂z − iγs)ϕes(z, z′) + gϕps(z, z′) +Ωϕep(z, z′),
i∂tϕpp(z, z
′) = 2∆ϕpp(z, z′) + g(ϕep(z, z′) + ϕep(z′, z)) +Ω(ϕps(z, z′) + ϕps(z′, z)),
i∂tϕps(z, z
′) = (∆− iγs)ϕps(z, z′) + gϕes(z, z′) +Ω(ϕpp(z, z′) + ϕss(z, z′)),
i∂tϕss(z, z
′) = −i2γsϕss(z, z′) +Ω(ϕps(z, z′) + ϕps(z′, z)) + V (z − z′)ϕss(z, z′).
Alternatively, one can describe the system in the Heisenberg picture. Then, the
equation of motion for the time dependent field operators ψA(z, t) can be derived
10
from Heisenberg-Langevin equations
∂tψe =
i
~
[H+Hrr, ψe], (35)
∂tψp =
i
~
[H+Hrr, ψp]− γψp + Fp, (36)
∂tψs =
i
~
[H+Hrr, ψs]− γsψs + Fs, (37)
where H + Hrr describes the coherent evolution, see Eqs (15) and (31), while Fp
and Fs are the Langevin noise operators corresponding to the decay rates γ and
γs, respectively. These equations are the starting point of the analysis presented, for
example, in Refs [34,45,65,66].
5 Diagrammatic methods
The microscopic Hamiltonian describes three bosonic fields with a non-interacting
quadratic part [Eq. (25)] and a quartic interaction [Eq. (31)]. In the past, such systems
have been studied extensively using diagrammatic methods; see for example [77].
However, it is important to stress that the quadratic Hamiltonian exhibits a rather
unconventional form, as the only dynamics is given by the light velocity of the photon.
It is this property, which is crucial for the following analysis using diagrammatic
methods and gives rise to novel phenomena.
In our previous work [63], we successfully applied diagrammatic methods to the
case of two copropagating polaritons. Here, we first use the diagrammatic formalism
to describe a single polariton propagating in an external potential. We show that this
problem can be solved by an exact summation of all Feynman diagrams. Then, we
will show an analytical solution of the two-body problem in the weakly interacting
regime. This solution will shed light on the losses of dark state polaritons due to the
resonant scattering to bright polaritons, which was studied in [63].
5.1 Dispersion relation
First, we analyze the unconventional form of the quadratic Hamiltonian, by looking at
its spectrum, see Fig 2. It is obtained by diagonalizing the quadratic Hamiltonian (25),
which reduces to H0 =
∑
µ∈0,±1 µ(k)ψ˜
†
µ(k)ψ˜µ(k). Here, µ ∈ ±1 accounts for the two
bright polariton states, while µ = 0 denotes the dark state polariton mode. The
new field operators take the form ψ˜µk =
∑
β∈{e,p,s} U
β
µ (k)ψβk with µ ∈ {0,±1}.
Subsequently, the inverse of U , i.e., U¯ ≡ U−1 provides creation operators ψ˜†µk =∑
β∈{e,p,s} U¯
µ
β (k)ψ
†
βk. Note, that the diagonalizing matrix U is not unitary, due to
the imaginary part in the Hamiltonian (25). For the clarity of the expressions, we
set the decay of the s-state to zero in the rest of the manuscript, i.e., γs = 0. This
approximation is well justified for highly excited Rydberg states used in nowadays
experiments, because the propagation time of the photon in the medium is much
shorter than the life-time of the Rydberg state.
In the regime of low-momentum and low-energy, i.e., ω, vgk  min[Ω, |∆|, g], the
dispersion relation for the dark state polariton is well accounted for by the two terms
in
0(k) = ~vgk − ~
2
2m
k2, (38)
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Fig. 2. Dispersion relation for the three non-interacting polariton branches for g = 4δ,
Ω = 0.25δ and ∆ = (4 − i)γ. (a) The real part of the energy ′µ(k). The gray dashed line
depicts light mode dispersion relation. (b) The low energy range of the dispersion relation
illustrating dark state polariton behavior: For low momenta the dispersion relation 0(k)
can be approximated by linear and quadratic contributions. The gray dashed line shows
the contribution from these two terms, see Eq. (38). (c) The imaginary part of the energy
′′µ(k): For low momenta the imaginary part of the dark state energy vanishes. Note different
characteristic energy scales for each figure.
with group velocity and polariton mass
vg =
Ω2
g2 +Ω2
c, m =
(
g2 +Ω2
)3
2c2g2∆Ω2
. (39)
Finally, it is worth pointing out that while the general expressions for the dispersion
relation are complicated, the expression for momentum as a function of energy has a
simple analytical form
~ck(ω) = ~ω
(
g2
Ω2
1
1 + ∆ω−ω2Ω2
+ 1
)
. (40)
5.2 Polariton propagation in external potential
In this section, building on the understanding of single-body physics, we describe
the polariton propagation in an external potential V (z), acting only on the Rydberg
s-state
Hext =
∫
dz ψs(z)
†V (z)ψs(z). (41)
This potential can be a result of an interaction between the polariton and a stationary
Rydberg excitation in state |s′〉. Such a configuration is relevant for recent experi-
mental realizations of single photon switch and transistor [40,42,41,55]. Note, that in
order to neglect readout of the stored excitation, the state |s′〉 has to be different than
the state |s〉 in the EIT scheme. Moreover, alternative ways of treating this problem
can be found, for example, in Ref. [34,78].
We start by pointing out, that the Hamiltonian conserves the total energy ~ω.
Then, the single polariton scattering properties can be well accounted for using the
T -matrix formalism. As the interaction acts only between the Rydberg states, it is
sufficient to study the T -matrix for the Rydberg states alone, which will be denoted
as Tkk′(ω). Here, ~k denotes the momentum of the incoming particle, and ~k′ the
momentum of the outgoing state. The relation between the T -matrix and the s-state
amplitude ϕs by definition is provided by the relation
ϕs(z) =
1
V (z)
∫
dk′
2pi
eik
′z Tkk′ . (42)
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For single polaritons, the T -matrix is expressed as a resummation of all ladder
Fig. 3. (a) Illustration of ladder diagrams up to the third order: the interaction V is denoted
by a wavy line, while the straight lines with an arrow are Green’s functions for the three
polariton modes 1/(~ω − µ + iη), and the dots mark the overlap factors Usµ and U¯µs of the
polariton with the Rydberg state. The T -matrix includes all diagrams up to arbitrary order
with all possible intermediate polaritons. (b) Illustration of the integral equation (43).
diagrams, FIG. 3, which gives rise to the integral equation [77]
Tkk′(ω) = V (k − k′) +
∫
dq
2pi
Tkq(ω)χq(ω)V (q − k′). (43)
Here, χq denotes the full propagation of a single polariton and its overlap with the
Rydberg state
χq (ω) =
∑
µ∈{0,±1}
U¯µs (q)U
s
µ(q)
~ω − µ(q) + iη (44)
It is a special property of the polariton Hamiltonian, that χq reduces to two terms
χq = χ¯(ω) +
α(ω)
~c k(ω)− ~c q + iη . (45)
Here, χ¯(ω) accounts for the saturation of the polariton propagation at large momenta
q → ±∞ and takes the form
~χ¯(ω) =
∆
Ω2
1− ω∆
1 + ∆ωΩ2 − ω
2
Ω2
, (46)
which for ω  Ω2/′∆′ simplifies to ~χ¯(ω) = ∆/Ω2. Note, that ∆ = δ− ıγ is complex,
and takes into account the decay of the intermediate level. The second term in Eq. (45)
characterizes the pole structure of the propagating polariton. This term reduces to
the propagator of a single polariton with momentum ~k(ω), given by (40), and α
depends on the energy ω of the incoming polariton:
α(ω) =
g2
Ω2
1
((∆− ω)ω/Ω2 + 1)2 . (47)
In order to eliminate the saturation-term χ¯, we Fourier transform the T -matrix equa-
tion (43) to real space
Tk(z) = V (x)e
ikz + χ¯(ω)V (z)Tk(z) + V (z)
∫
dy G(ω, z − y)Tk(y)
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with G(ω, z) = −iα(ω) θ(z)eik(ω)z being the Fourier transform of the second term in
Eq. (45), where θ(z) is the Heaviside step function. Introducing the effective interac-
tion potential
V eff(z) =
V (z)
1− χ¯(ω)V (z) , (48)
the equation for the T -matrix reduces to
Tk(z) = V
eff(z)eikz
1− i α
~c
z∫
−∞
dy e−ikyTk(y)
 . (49)
This equation can be solved analytically leading to the expression for T -matrix
Tk(z) = e
ikzV eff(z) exp
−i α
~c
z∫
−∞
dy V eff(y)
 . (50)
Based on the solution for Tk(ω) we can derive all components of the wavefunction
describing a single polariton. For this purpose, we start from the relation between the
T -matrix and the outgoing state
ϕβk(z) = e
ikzuβk + u
s
k
∫
dq
2pi
eiqzTkqχ
sβ(ω, q), (51)
where the index β ∈ {e, p, s} depicts components of the incoming uβk and the out-
going ϕβk states. In order to arrive at formula (51) we used the fact that the only
non-vanishing element of the T -matrix is between s-states. Moreover, we introduced
χsβ(ω, q) which is the generalization of χq(ω), see Eq. (44), and describes the propa-
gation of a single polariton and its overlap with s-state and β-state
χsβ(ω, q) =
∑
µ∈{0,±1}
U¯µs (q)U
β
µ (q)
~ω − µ(q) + iη . (52)
Moreover, analogously to Eq. (45), χsβ(ω, q) can be re-written in the following form
χsβ(ω, q) = χ¯β(ω) +
αβ(ω)
~ck(ω)− ~cq + iη . (53)
Note that in the newly introduced notation, by definition, the following relations are
satisfied: χ¯s ≡ χ¯ and αs ≡ α. Next, we Fourier transform Eq. (51), and then insert
to it the solution for T -matrix, given by Eq. (50). Furthermore, we use the relation
usk/u
β
k = α
s/αβ and finally arrive at the expressions for the wavefunction components
ϕγk(z) = e
ikzuγk exp
−i α
~c
z∫
−∞
dy V eff(y)
(1 + V eff(z)χ¯γ α
αγ
)
. (54)
From this solution, we see that for distances much larger than the range of the in-
teraction the outgoing state is proportional to the incoming one. Hence, due to the
interaction, all components pick up a common exponent. Next, we comment on the
form of each component separately. For van der Waals interaction V (r) = C6/r
6, all
of them are shown in FIG. 4.
14
- 20 - 10 0 10
0.2
0.4
0.6
0.8
1.0
- 20 - 10 0 10
0.2
0.4
0.6
0.8
1.0
Fig. 4. Wavefunction components and effective interaction in function of distance. (a) The
dispersive regime with ∆ = (10 − i)γ, (b) The dissipative regime with ∆ = −iγ. All other
parameters are the same for both regimes: ω = 0.05Ω2/|∆|, g = 1500γ, Ω = 1.4γ, C6 =
3.3× 104γ µm6.
First, for the photonic component the saturation vanishes, i.e. χ¯e = 0, which leads
to
ϕek(z) = e
ikzuek exp
−i α
~c
z∫
−∞
dy Ve(y)
 . (55)
We see that even close to the impurity the photonic component only picks up a phase
factor as a result of the interaction with the impurity. Note, that due to the finite γ
this phase factor is complex what leads to the decay of ϕek.
Secondly, for the Rydberg component expressed using uek we arrive at
ϕsk(z) = −eikz
g
Ω
1
1 + ω∆Ω2 − ω
2
Ω2
exp
−i α
~c
z∫
−∞
dy Ve(y)
 1
1− χ¯sV (z)u
e
k, (56)
from which we see that the Rydberg component is suppressed at distances shorter
than the so-called Rydberg blockade ξ defined via |V (ξ)χ¯| = 1. The reason is the
following: At short distances, due to the interaction, the Rydberg-level is shifted out
of resonance and can not be excited [20].
Finally, the p-state component has the form
ϕpk(z) = −eikz
g
Ω
1
1 + ∆ωΩ2 − ω
2
Ω2
1
Ω
V − ω
1− χ¯V exp
−iα z∫
−∞
dy Ve(y)
uek. (57)
This component vanishes for distances much greater than the blockade length, i.e.,
x  ξ, as long as ω  Ω2/|∆|. The last condition corresponds to the EIT trans-
parency condition. Once this condition is broken, the polariton has a significant ad-
mixture of the p-state, which causes the decay of the polariton inside the medium.
Moreover, for short distances z < ξ with ω  Ω2/|∆|, the p-state component satu-
rates at |ϕpk| ∼ g|∆|uek. Hence, in the dissipative regime with small detuning δ < γ the
p-component is larger than in dispersive regime with δ  γ. It corresponds to smaller
losses in the dispersive regime, as shown in FIG. 4.
6 Two body problem
This section deals with two photons copropagating in the Rydberg-EIT medium, see
FIG. 1. We first review the general approach to this problem using Feynman diagrams,
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shown in [63]. Based on this description we, afterwards, present the analytical solution
in the weakly interacting regime.
The two-polariton scattering properties are well accounted for by the T -matrix. As
the interaction V (r) acts only between the two Rydberg states, it is sufficient to study
the T -matrix for the Rydberg states alone, denoted as Tkk′(K,ω). Importantly, the
total energy ~ω as well as the center-of-mass momentum ~K are conserved. Moreover,
in this section, ~k is the relative momentum of the two incoming polaritons and ~k′
the relative momentum of the outgoing polaritons, while r denotes relative coordinate
r = z − z′. For two polaritons, the T -matrix is determined by the integral equation
[77]
Tkk′(K,ω) = Vk−k′ +
∫
dq
2pi
Tkq(K,ω) χq(K,ω)Vq−k′ , (58)
which can easily be understood as a resummation of all ladder diagrams, see Fig. 3(a)
in [63]. The full pair propagator of two polaritons and its overlap with the Rydberg
state takes the form
χq (K,ω) =
∑
µ,β∈{0,±1}
U¯µs (p)U
s
µ(p)U¯
β
s (p
′)Usβ(p
′)
~ω − µ(p)− β(p′) + iη , (59)
with p = K/2 + q and p′ = K/2 − q. Due to the special property of our polariton
Hamiltonian the pair propagation reduces to three terms,
χq = χ¯+
α
~ω¯ − ~2q2/m+ iη +
αB
~ω¯B − ~2q2/m+ iη . (60)
Where mass m is given by (39), and χ¯(ω) accounts for the saturation of the pair
propagation at large momenta ~q → ±∞ and reads
χ¯(ω) =
1
~
∆− ω2 − Ω
2
∆−ω
ω
(
∆− ω2
)
+ 2Ω2
. (61)
The second term in Eq. (60) is the pole structure for the propagation of the two
incoming polaritons. This term reduces to the propagator of a single massive particle,
where α and ω¯ depend on the center-of-mass momentum ~K and total energy ~ω. The
latter defines the relative momentum ~k = ±√~ω¯m of the incoming scattering states.
For analytical expressions for α and ω¯ see Appendix in Ref. [63]. Finally, the last term
accounts for a second pole, describing the phenomenon of resonant scattering of two
incoming polaritons into a different outgoing channel, e.g., the conversion of two
dark polaritons into an upper and a lower bright polariton, see FIG. 5, and therefore
denoted by ‘B’.
The influence of the second pole can be measured by the dimensionless param-
eter ζ(K,ω) =
√|(ω¯α2B)/(ω¯Bα2)|. In [63] we have shown that ζ(K,ω) is strongly
suppressed in several relevant regimes. In the next subsection, we will show how the
parameter ζ(K,ω) relates to the solution of two-body problem in the weakly inter-
acting regime.
6.1 Exact solution for weak interactions
The interaction strength can be conveniently quantified by the dimensionless param-
eter ξ/λ, where λ =
√|~2χ¯/(αm)| is the de Broglie wavelength associated with the
depth (or height) |α/χ¯| of the effective potential. Here, we present exact solution of
16
- 2 - 1 1
- 2
- 1
1
Fig. 5. Illustration of a resonant excitation of two bright polaritons from two dark polaritons
for g = 3δ, Ω = δ/3 and γ = 0. Two different cases of the total energy ~ω of the incoming
dark-state polaritons are shown. In both situations the relative momentum is zero, ~k = 0.
Orange solid arrow shows the case of ω = −0.06Ω2/δ, while orange dashed line the case of
ω = −0.35Ω2/δ. Resonant excitation conserves center of mass momentum ~K, as well as the
total energy, ~ω = 20(K/2) = −(K/2− kB/2) + +(K/2 + kB/2), where ~kB = ±
√
~ω¯Bm.
the two-body problem for weak interactions, i.e., for ξ/λ 1, in which case the inter-
action potential can be replaced by a δ-function. We start by rewriting the equation
for the T -matrix (58) using the effective potential V eff(r) = V (r)/(1− χ¯(ω)V (r)) and
explicitly including the pole structure,
Tkk′(K,ω) = V
eff
k−k′ +
∫
dq
2pi
Tkq(K,ω)
(
α
~ω¯ − ~2q2m + iη
+
αB
~ω¯B − ~2q2m + iη
)
V effq−k′ ,
This equation is equivalent to the Lippmann-Schwinger equation for ϕ, defined by
ϕ(r)V eff(r) =
∫
dk′ eirk
′
Tkk′/(2pi),
ϕ(r) = ϕ0(r) +
∫
dy G(r − y) α V eff(y)ϕ(y). (62)
Note that, analogously to the single polariton, the wavefunction component ϕss de-
scribing two Rydberg excitations, can be expressed using T -matrix, i.e., ϕss(r)V (r) =∫
dk′ eirk
′
Tkk′/(2pi). Moreover, the incoming wave ϕ0(r) = e
ikr, and the propagator
G in real space has the form
G(r) = − i
2
m
~2
(
eik|r|
k
+
αB
α
eikB|r|
kB
)
, (63)
with k =
√
ω¯m/~ and kB =
√
ω¯Bm/~. Then, the solution of (62) can be found via
the re-summation of all orders in Born expansion
ϕ(r) = ϕ0(r) +
∫
dy G(r − y) α V eff(y)ϕ0(y)
+
∫
dy
∫
dy′ G(r − y) α V eff(y) G(y − y′) α V eff(y′)ϕ0(y′) + ... (64)
In the case of weak interactions ξ  λ, we can replace the effective interaction by the
potential vδ(r), where v =
∫
dr αV eff(r). It enables us to simplify the expression for
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ϕ to
ϕ(r) = ϕ0(r) + G(r)v
(
1 + G(0)v + (G(0)v)2 + ...)
= ϕ0(r) + v G(r) 1
1− v G(0)
= eikr − 1
1 + kkB
αB
α − 2i~
2k
mv
(
eik|r| +
αB
α
k
kB
eikB|r|
)
. (65)
We see that the dimensionless parameter ζ(K,ω) = |(kαB)/(kBα)| controls the in-
fluence of the second pole. Since the term proportional to eikB|r| accounts for the
resonant excitation of an upper and lower bright polariton, this process is strongly
suppressed for small parameter ζ(K,ω) 1.
7 Conclusions
In conclusion, in the extended introduction, we presented the current state-of-the-
art in the research field of Rydberg slow light polaritons. We derived a microscopic
Hamiltonian describing the propagation of Rydberg slow light polaritons in one di-
mension. We described the decay and the dephasing of polaritons within a Master
equation approach and commented on conditions when the decay can be described
using the Schro¨dinger equation with effective non-Hermitian Hamiltonian. We derived
equations of motion in Schro¨dinger picture and compared it with the commonly used
derivation of the Heisenberg-Langevin equations of motion. Next, we analyzed the
dispersion relation of dark and bright polaritons — the basis of the diagrammatic
description of the strongly interacting polaritons. We illustrated this method on two
examples: First, by summation of all Feynman diagrams we derived the exact solution
for a single polariton in an external potential. Secondly, we exactly solved the two
body problem in a weakly interacting regime.
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Jachymski and D. Peter for proof-reading the manuscript. Financial support from EU Marie
Curie ITN COHERENCE and the H2020-FETPROACT-2014 Grant No. 640378 (RYSQ) is
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